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Abstract. Let G be a graph of order n and size m and let fc > 1 be an integer. A fc-tuple 
total dominating set in G is called a fc-tuple total restrained dominating set of G if each vertex 
X G V{G) — S is adjacent to at least k vertices of V{G) — S. The minimum number of vertices of a 
such sets in G are the fc-tuple total restrained domination number 7^^, ^(G) of G. The maximum 
number of classes of a partition of V{G) such that its all classes are fc-tuple total restrained 
dominating sets in G, is called the fc-tuple total restrained domatic number of G. 

In this manuscript, we first find 7^^, ((G), when G is complete graph, cycle, bipartite graph and 
the complement of path or cycle. Also we will find bounds for this number when G is a complete 
multipartite graph. Then we will know the structure of graphs G which 7^,. j(G) = m, for some 
m > k + 1 and give upper and lower bounds for 7'^^^. ((G), when G is an arbitrary graph. Next, 
we mainly present basic properties of the fc-tuple total restrained domatic number of a graph and 
give bounds for it. Finally we give bounds for the fc-tuple total restrained domination number of 
the complementary prism GG in terms on the similar number of G and G when G is a regular 
graph or an arbitrary graph. And then we calculate it when G is cycle or path. 

Keywords : A:-tuple total (restrained) domination number, fc-tuple total (restrained) domatic 
number. 

2000 Mathematics subject classification : 05C69 

1. Introduction 

The research of the domination in graphs has been an evergreen of the graph theory. Its basic 
concept is the dominating set and the domination number. A numerical invariant of a graph which is 
in a certain sense dual to it is the domatic number of a graph. And many variants of the dominating 
set were introduced and the corresponding numerical invariants were defined for them. Here, we 
initial to study of the fc-tuple total restrained domination number and the fc-tuple total restrained 
domatic number. 

We start with definitions of various concepts concerning the domination in graphs. A subset 
S C V{G) is called a k-tuple total dominating set, briefly kTDS, [5] in G, if for each x € V{G), 
I N{x) n S \ > k. Recall that 1-tuple total dominating set is known as total dominating set. 

Let fc > 1 be an integer. A fc-tuple total dominating set in G is called a k-tuple total restrained 
dominating set, briefly kTRDS, in G, if each vertex x G V{G) — 5* is adjacent to at least k vertices 
of V{G) — S. The minimum number of vertices of a fc-tuple total dominating set in a graph G is 
the k-tuple total domination number of G and denoted by 7^^, ((G). Analogously the k-tuple total 
restrained domination number 7!^^, j(G) is defined. Obviously, 7^^. 4(G) < 7!^^, t(G). 

The domatic number of a graph was introduced in p], and the total domatic number in [2]. 
Sheikholeslami and Volkmann extended the last definition to the fc-tuple total domatic number 
dxk,t{G) in |10j . In an analogous way we will define the fc-tuple total restrained domatic number 
and then we will discuss the purpose of defining it. Let D be a partition of the vertex set V{G) of G. 
If all classes of D are fc-tuple total restrained dominating sets in G, then D is called a k-tuple total 
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restrained domatic partition, briefly kTRDP, of G. The maximum mimbcr of classes of a fc-tuplc 
total restrained domatic partition of G is the k-tuple total restrained domatic number d^^f, ^(G) of 
G. 

Haynes et al. in [B] defined a new type of graph product that generalizes the concept of a cartesian 
product. Let G and H be two graphs with the vertices sets V{G) — {ui \ 1 < i < n} and V{H) = 
{vj I 1 < J < p}. Let Rhe a subset of V{G) and 5* be a subset of V{H). The complementary product 
G{R)OH{S) are defined as follows. The vertex set G{R)DH{S) is {{u,,Vj) : 1 < i < n,l < j < p}. 
And the edge {ui,Vj){uh,Vk) is in E{G{R)DH{S)) 

1. if i ~ h, Ui £ R and VjVk G E{H), or ii i ~ h, ui ^ R and VjVk ^ E{H), or 

2. if j ~ k, Vj G S and UiW/i G E{G), or if j = A;, Vj ^ and WiU^ ^ E{G). 

In other words, for each G T^(G), we replace Ui with a copy of H if is in R and with a copy 
of its complement H if is not in i?, and for each Vj G we replace each Vj with a copy of 

G if G S and a copy of G if ^ S*. If i? = V{G) (respectively, S = V{H)), we write simply 
G\3H{S) (respectively, G{R)^H). Thus, G\I\H{S) is the graph obtained by replacing each vertex v 
of iJ by a copy of G if v G 5* and by a copy of G if ^ S*, and replacing each Ui with a copy of H. 
Therefore, the cartesian product of G and H is simply G[V{G))UH{V{H)) = GDH. 

The complementary prism GG of a graph G is the special complementary product GDK2{S) 
where | 5 |= 1. In other words the complementary prism GG of G is the graph formed from the 
disjoint union GUG of G and G by adding the edges of a perfect matching between the corresponding 
vertices (same label) of G and G. For example, the graph G5G5 is the Petersen graph. Also, if 
G = Kn, the graph KnKn is the corona Kn ° Ki, where the corona Go Ki of a graph G is the graph 
obtained from G by attaching a pendant edge to each vertex of G. 

The k-join G Oj^H of a, graph G to a graph H of order at least k is the graph obtained from the 
disjoint union of G and H by joining each vertex of G to at least k vertices of H . 

The notation we use is as follows. Let G be a simple graph with vertex set V = V{G) and edge set 
E = E{G). The order \ V \ and size | i? | of G are respectively denoted by n = n(G) and m = m{G). 
For every vertex v € V, the open neighborhood Ng{v) is the set {u € V \ uv € E} and its closed 
neighborhood is the set TVcb] = Ng{v) U {v}. The degree of a vertex v G V is deg{v) =\ N{v) \. The 
minimum and maximum degree of a graph G are denoted hy S = S{G) and A = A(G), respectively. 
If every vertex of G has degree k, then G is said to be k-regular. The complement of a graph G is 
denoted by G which is a graph with V{G) = 1^(G) and for every two vertices v and w, vw G £'(G) 

if and only if vw ^ E{G). We write /•sr„ for the complete graph of order n and i^„j „p for the 

complete p-partite graph. 

Also we write G„ and P„, respectively, for a cj/cZe and a pat/i of order in which G„G„ and 
^n-Pn denote their complementary prisms. Here we assume that V{Gn) = V{Pn) ~ {i \ ^ < i < n} 
and E{Gn) — E{Pn) U {Iri} = {ij | 1 < i < j < n and j = i + 1 (mod n)}. We also assume 
V{G) = {i \1 < i < n}, where G is G„ or P„, and every vertex i in G is adjacent to its respective 
vertex i in G. 

This paper is organized as follows. In section 2, we present the fc-tuple total restrained domination 
number of the complete graphs, cycles, bipartite graphs and the complement of paths or cycles. Also 
we will present some bounds for the /c-tuple total restrained domination number of the complete 
multipartite graph. Then, in section 3, we will show the structure of graphs G which 7!^^. j(G) = m, 
for some m > fc + 1 and give upper and lower bounds for 7!],^, t(G), when G is an arbitrary graph. In 
the next section, wc mainly present basic properties of the fc-tuple total restrained domatic number 
of a graph and give bounds for it. Also we give some sufficient conditions for the fc'-tuple domination 
(resp. domatic) number of a graph is its fc-tuple restrained domination (resp. domatic) number. 
Finally, in the last section, we give some bounds for the fc-tuple total restrained domination number 
of the complementary prism GG in terms on the similar number of G and G when G is a regular 
graph or an arbitrary graph. And then we calculate it for the complementary prism of a cycle or 
path. 

The following observations and propositions are useful. 

Observation 1. Let G be a graph of order n in which 5{G) > k. Then 

i. every vertex of degree at most 2k — 1 of G and at least its k neighbors belong to every kTRDS, 
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a. ifS{G) < 2fc - 1, then d\,^^ ^{G) = 1, 

Hi. ifYxk t(^) < ^'^'^'^ ^(G) > 2k, and so n > 2k + 2. 

Observation 2. Let k < n he two positive integers. Then d^^j^^{Kn) = Lfeq^rJ- 

Proposition A. (Kazemi [H 2011) Let n > 4. Then 

r 2 [n/4] +2 i/ n = ("mod 4^, 

7t(C„a:) = < 2 rn/41 + l z/ n = 3 fmod 4^, 
[ 2 [n/4] Otherwise. 

Proposition B. (Kazemi [5] 2011) If n > 5, then ^ ^2 ti^nCn) — n + 2. 

Proposition C. (Kazemi [9] 2011) Lef ?? > 4. T/ien 

^ rpT^^- / 2r("-2)/4l+l ifn^3(mod4), 
Ity^n-Tn) I 2 [(n - 2)/4] + 2 ot/ierwzse. 

2. fc-TUPLE TOTAL RESTRAINED DOMINATION NUMBER IN SOME GRAPHS 

By Observation [IJiM), we have 7^^, i{Kn) ~ n \i n <2k + 1. Since also every [k + l)-subset of 
vertices is a kTRDS of Kn, when n > 2fc + 2, then we have the next resuh. 

Proposition 3. Let k < n be positive integers. Then 

n ifn<2k + l, 
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Next three propositions present Yxk.ti^n), 7xfe,t(^n) Yxk,ti^ri)- 
Proposition 4. Let ?i > fc + 3 > 4. Then 

{n ifn<2k + 2, 

k + 2 if2k + 3<n<3k + 2, 
k + 1 ifn>3k + 3. 

Proof. We first prove that Yxk,ti^^ = A: + 1 if and only if n > 3/c + 3. Let 5 be a kTRDS of with 
cardinal fc + 1. Then for every two arbitrary vertices i and j in S, \ i — j |> 3, and so n > 3fc + 3. 
Since also {3lTT | < i < fc} is a kTRDS of C^i, when n > 3fc + 3, then Yxk.ti^) = k + l. 

Observation [IJzm) follows that Yxk ti^n) = n if and only if fc + 3 < n < 2fc + 1. Let now 
n = 2fc + 2. Then S{G) = A(G) = n - 3 = 2fc - 1. Let be a kTRDS of C^. Let I e - S. Since 
I N{i) n 5' |> fc and | N{1) n {V - S) |> fc, then deg(i) > 2k that is not possible. Therefore S = V 
and so Yxk t(C'n) = n. For the other cases, obviously S = {2i + l|0<«<fc+l}isa kTRDS of 
CV^andso7;fc,,(a") = fc + 2. □ 



Proposition 5. Let n > fc + 3 > 4. Then 

Yt{P~n) 

and if k>2, then 



n if n = A, 
2 ifn>5, 




ifn<2k + 2, 
Yxk,tiP-^)={ ^ + 2 «/2fc + 3<n<3fc, 
1 i/n>3fc+l. 

Proof. One can verify that 7[(P„) is 2 if and only if n > 5, and otherwise is n. Let now fc > 2. It 
can be easily verify that Yxk t(-f") = fc + 1 if and only if there exists a kTRDS S of P„ such that 
for every two disjoint vertices i and j in 5, the difference between i and j to modulo n is at least 3 
or {i,j} — {l,n}. And this is equivalent to n > 3fc + 1. Since S = {3i + l|0<i<fc — 1}U {n} 
is a kTRDS of P„, for n > 3fc + 1, then 7!^^. ^{Pn) = fc + 1. Let now n = k + i < 3fc, and let 5 be 
a kTRDS of P„. For every vertex x in V — S, deg{x) > n — 1— | S\>n — k — 3~i — 3. Since 
also deg{x) > fc, then z > fc + 3. Hence Yxk ti-^n) = n if n < 2fc + 2. Let now 2fc + 3 < n < 3fc. 
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Since C„ is a spanning subgraph of P„, then 7^^ t(^n) ^ 7xfe t(^n) " ^ + 2, by Proposition 01 Now 
7;fc,t(/^)>fc + l follows 7;fc.i(/^) = ^- + 2. ' ' □ 

Proposition 6. Let n > 4. Then 7^2 4(^,1) = n and 

2 \n/4] - 1 tfn = l (mod A), 
lliC!n)={ 2 [71/41+1 if n = 3 (mod A), 
2 \n/A] Otherwise. 



Proof. It is trivial that 7!^ 2 ti^n) — ri. We note that 



2 [n/4] - 1 if n = 1 (mod 4), 
2 [n/4] Otherwise. 

If n = 0,1,2 (mod 4), since the corresponding sets 6*0 = {2 + 4j, 3 + 4i | < z < [n/4j — 1}, 
S\ ~ U {71 — 1} and ^2 = S'o U {l,n — 2} are total restrained dominating sets with cardinal 
jf(Cn), then we have proved proposition, when tt. ^ 3 (mod 4). Let now n = 3 (mod 4). Then it 
can be easily verify that 7^ (Cji) > 7t(C„) + 1, and since ^3 = S'o U {1, n — 3, n} is a total restrained 
dominating set of C„ with cardinal 7t(C„) + 1, then 7j(C„) = 2 [71/4] + 1. □ 

Now we present the /c-tuple total restrained domination number of the bipartite graphs. 

Proposition 7. Let G be a bipartite graph with S{G) > k > 1. Then 2k < -f'^.f. f{G) < n. Moreover, 
if X and Y are the bipartite sets of G, then 7^^, ((G) = 2k if and only if there exist two k-subsets 
S Q X and T C_Y such that for each vertex x € X, N(x) 3 T, and for each vertex y gY, N(y) D S 
and the minimum degree of the induced subgraph G[{X — S) U (Y — T)] is at least k. 

Proof. Let Z? be a 7^^, ((G)-set, and \ei w E X and z G F be two arbitrary vertices. The definition 
implies that | Dr\N{w) |> k and | Dr\N{z) \> k. Since N{w)r]N{z) = 0, we deduce that \D\>2k 
and thus 2k < Yxk ti^) — '^^ 1^ there exist two fc-subsets S Q X and T C Y such that for each 
vertex x G X, N{x) D T, and for each vertex y G Y, N{y) 3 S and also the minimum degree of the 
induced subgraph G[{X — S) U (Y — T)] is at least k, then obviously D = 5 U T is a fc-tuple total 
restrained dominating set of G. This implies Yxk t(^) — and so Yxk t(^) = ^fc. 
Conversely, assume that 7^;. j(G) = 2k, and let -D be a Yxk t(G^)"Set. It follows that 

\ Dnx \=\ DnY \= k. 

Now let S ^ D n X und T = D r\Y . Then T C N{x) for each vertex x e X and S C N{y) for each 
vertex y £ F. Now if | X |> fc and | F |> fc, then, by the definition, S{G[{X - S) U {Y - T)]) > k 
and the proof is complete. □ 



Corollary 8. Let G = Kn.m be a complete bipartite graph with n > m> k > I. Then 

lxk,t{G) = 



2k ifn>m>2k, 
n + m otherwise. 

Now we present some bounds for 7^^ t(G), where G — A"„j^...^„p is a complete multipartite graph 
and p > 3. 

Proposition 9. Let G = I'ini,...,np be the complete p-partite graph of order n. Ifj^y^^. t(G) < n, then 

\^]<YxkAG)<n-k. 

Proof. We assume that G has vertex partition V = Xi U ... U Xp such that | Xi \= Ui and n = 

Hi + ... + Up. Let S be an arbitrary kTRDS of G. Since every vertex of Xi is adjacent to at least k 

p 

vertices of S — Xi = [J Sj, then 

p 

*J " -"^i - ^ 
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for each 1 < i < p, and hence (p — 1) | 5 \> pk that follows | S* |> [-^]- Since S was arbitrary, 

therefore 7; M (G) ^ r^l-. 

For proving the another inequality, we use the following definitions and notations. Let 5 be a 

kTRDS of G and let Si = Xi n S, S'^ = X, - S* and | Si |= s,. Let also t{S) be the number of i s 

that Si < rii and let 

to = min{t{S) I 5 is a kTRDS of G}. 
We may assume that t{S) > 1. Because to = if and only if Yxk t(^ni,...,np) = n. Then obviously 
t{S) > 2. Without less of generality, we may assume that s; < rii if and only if 1 < « < t{S). Let 
Wj eXj-S = Xj - Sj, for each 1 < j < t{S). Then | N{wj) n{V -S)\>k, since 5 is a kTRDS. 

t{S) 

Since also N{wj) (1 {V - S) = [J N{wj) n S'^, then for each 1 < j < t we have: 

k < \ N{wj)n{v - s) \ 

t{S) 

= E \Niw,)nsi\ 

t{S) 

= E 1^,' 

t{S) 

= E I I — I S'j I ■ 

1=1 

By summing the inequalities we have 

t(S) p 

t{S)k < (tiS) ~ 1) - s^) - it{S) ~ 1) ^(n,; - s,) {t{S) - | 5 |) 

4=1 1 = 1 

and hence | S* |< n — fc — \ t(s)~\ ^ ■ ^i'^'^^ '5' was arbitrary, then 

l'-xu,ti<G)<n-k-\-^-\<n-k. 

to — i 

□ 

If we look at closer to the proof of Proposition IH] we have the next result. 

Proposition 10. Let G — -ftTni,...,!! the complete p-partite graph of order n. U l^xk t(^) ^ 
thenYxk^G)<n~k-\^^. 

3. BOUNDS FOR fc-TUPLE TOTAL RESTRAINED DOMINATION NUMBER 

Li this section, we first give a necessary and sufficient condition for 7xfct(G) = to, for some 
TO > fc + 1, and then present some lower and upper bounds for 7^^, ^{G) in terms on k, n and m. 

Theorem 11. Let G he a graph with 5{G) > k. Then for any integer to > fc + 1, 7^^. j(G) ^ m if 
and only if G = A','„ or G = F o^. K'^, for some graph F and some spanning subgraph of A',„ 
with 5{F) > k and 5{I^'^) > k such that m is minimum in the set 
(1) 

{t \ G ^ F for some F and some spanning subgraph K[ of Kt with 5{F) > fc, S{K^) > fc}. 

Proof. Let 5 be a 7!^ ^ ((G)-set and 7x;j t{G) = to, for some to > fc + 1. Then, \ S \— m, and every 
vertex has at least fc neighbors in S, and also every vertex in V ~ S has at least fc neighbors in 
V — S. Then G[S] ~ K'„^, for some spanning subgraph of with 5{K^) > fc. If | y 1= to, 
then G = K',„. If \ V \> m, then let F be the induced subgraph G[V ~ S]. Then S{F) > fc and 
G ~ F o^. K'^. Also by the definition of fc-tuple total restrained domination number, to is the 
minimum of the set given in (1). 

Conversely, let G = K'^ or G = F oj, K'^, for some graph F with 5{F) > fc and some spanning 
subgraph K'^ of with S{K'^) > fc such that to is the minimum of the set given in (1). Then, 
since V{K!i^) is a kTRDS of G with cardinal to, 7!^^, ^(G) < to. If 7!^^, ^(G) — m' < to, then the 
previous paragraph concludes that for some graph F' with S{F') > fc and some spanning subgraph 
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K'^^, of Km' with 5{K'^,) > k, G — F' oi^ K'^,, that is contradiction with the minimahty of m. 
Therefore Yxk.tC^^ ^ ° 

Corollary 12. Let G be a graph with d{G) > k. Then 7^^ ^{G) = fc + 1 if and only if G = -fCfc+i or 
G = F o^. Kk+i, for some graph F with 5{F) > k. 

Theorem 13. If G is a graph with minimum degree at least k on n vertices and with m edges, then 

Proof Let be a minimum kTRDS of G = iV,E). Since 6{G[S]) > fc, S{G[V - S]) > k and S is 
kTDS, we have the foUowing inequahties: 

ma > Hn-YxkAG)), 

where mi and m2 are respectively the number of edges in induced subgraphs G[S] and G[V — 5] 
and ma is the number of edges connecting vertices of y — 5 to vertices of S. By summing the 
inequalities, we obtain 

m = mi + m2 + ms > - kYxk,tiG))^ 
and thus Yxk.tC^) >^-f- n 
Corollary 14. If G is a graph without isolated vertex on n vertices and with m edges, then 

Theorem 15. Let G be a graph with minimum degree at least fc. Let (5(G) > a + k, for some finite 
number a. If ^ ^f. ^{G) < a, then j^^j^ ^{G) < a. 

Proof. Let us consider a kTDS S such that | 5* |< a. For every v € V{G) — S, 

deg{v) > S{G) >a + k>\S\+k. 
Therefore | N{v) n {V{G) - S) \> fc, that means 5 is a kTRDS of G and so Yxk,tiG) < a. □ 

4. SOME PROPERTIES OF fc-TUPLE TOTAL RESTRAINED DOMATIC NUMBER 

In this section we mainly present basic properties of d^^j. f{G) and bounds on the fc-tuple total 
restrained domatic number of a graph. 

Theorem 16. If G is a graph of order n with S{G) > k, then 

llkAG)-<r-xkAG)<n. 

Moreover, if Yxk.tiG) ■ d^'^^A^^ = then for each kTRDP {Vi,V2, ...,Vd} of G with d = d\,^A^), 
each set Vi is a Y^^. ^(G)-set. 

Proof Let {Vi,V2, Vd} be a kTRDP of G such that d = d^^.^CG). Then 

d-YxkA^) = t^^'xkAG) 

i=l 
d 

< E\vA 

i=l 

= n. 

If Ixk t(^) '^xfe tiG) = n, then the inequality occurring in the proof becomes equality. Hence for the 
kTRDP {Vi,V2, Vd} of G and for each i, \ V, |= YxkAG)- Thus each set V, is a 7;^^ j(G)-set. □ 

An immediate consequence of Theorem [TCI and Corollary [T^] now follows. 
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Corollary 17. If G is a graph of order n with 5(G) > k, then 

with equality if and only if G = Kk+i or G = F o^. Kk+i, for some graph F with 6(F) > k. 

For bipartite graphs, wc can improve the bound given in CoroUarv ll7[ by Proposition [T] 

Corollary 18. IfG is a bipartite graph of order n with vertex partition V(G) = XUY and 6(G) > k, 
then 

77 

with equality if and only there exist two k-subsets S ^ X and T QY such that for each vertex x € X , 
N(x) 3 T, and for each vertex y £ Y , N(y) D S and the minimum degree of the induced subgraph 
G[(X - S)U(Y - T)] IS at least k. 

Now, we show that the fc-tuple total restrained domatic number of every graph is equal to its 
fc-tuple total domatic number. 

Theorem 19. Let G be a graph with 6(G) > fc > 1. Then d•y^^. ^(G) = dy,k,t(G). 

Proof. Each fc-tuple total restrained dominating set in G is a fc-tuple total dominating set in G, 
therefore each fc-tuple total restrained domatic partition of G is a fc-tuple total domatic partition 
of G and dlj^^(G) < d^k,t(G). Now let d = d^k,t(G) > 2 and let D = {Di, Dd} be a fc-tuple 
total domatic partition of G. Choose Di as an arbitrary class of D. Let x £ V(G). As Di is a 
fc'-tuple total dominating set in G, there exists fc-set such that C N(x) D Di. Now suppose 
X € V(G) — Di. Then x £ Di for some 2 < i < d. The set Di is also a fc-tuple total dominating set in 
G, therefore there exists fc-set 5"* such that C N(x)r\Di and evidently S^. C V(G) — Di, because 
Di n Di = %. Therefore, we have proved that Di is a fc-tuple total restrained dominating set in G. 
The set Di was chosen arbitrarily, therefore D is a fc-tuple total restrained domatic partition of G 
and dxk,t(G) < d^^^. ^(G), which together with the former inequality gives the required result. □ 

Corollary 20. [12] Let G be a graph without isolated vertices. Then d\(G) = dt(G). 

Now, we give a sufficient condition for 7^^, j(G) ~ 7^^. t(G). 
Theorem 21. Let G be a graph with minimum degree at least fc. If dxk,t(G) > 2, then 

7;M(G)=7xfc.t(G). 

Proof. Since every fc-tuple total restrained dominating set in G is also fc-tuple total dominating set 
in G, therefore j^k i(G) < 7xfe t(G). For the converse inequality, let 5 be a minimum fc-tuple total 
dominating set of G. Since dxk,t(G) > 2, then there exists another fc-tuple total dominating set 5" 
in G which is disjoint of S. Let x £ V(G) — S. Then x is adjacent to at least fc vertices of S', since 
S' is a fc-tuple total dominating set of G. This follows that x is adjacent to at least fc vertices of 
V(G) — S. Therefore, S* is a fc-tuple total restrained dominating set of G and so 7^ ((G) < 7xfct(G). 
The previous two inequalities follow 7^^. j(G) = 7xfc.t(G). □ 

Corollary 22. Let G be a graph without isolated vertex. If dt(G) > 2, then 7t(G) = 7j(G). 

The converse of Theorem \n\ does not hold. For example, if G = Kk+i, then 7xfct(G) = 
7xfct(G) = fc + 1 but dxk,t(G) = 1. Also as another example let G = Kn,m be the com- 
plete bipartite graph with this conditions that k < n < m < 2k and (n,m) ^ (k,k). Then 
7x,,*(G) = 2fc < YxkAG) =n + m, but dxfc.t(G) = 1. 

5. COMPLEMENTARY PRISMS 



First we calculate the fc-tuple total restrained domination number of the complementary prism 
of a regular graph for some integer fc. 
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Theorem 23. Let k and i be integers such that l<k~l<i<2k — 2. If G is a i-regular graph 
of order n, then 

Y^kAGG)>n + k, 

with equality if and only if n > £ + 2k and V{G) contains a k-subset T such that for each vertex 
i e V(G), I N{i) n T |> fc - 1 and also ifi G V(G) - T, then \ N{i) n {V(G) - T) |> k. 

Proof. Let V{GG) = V{G)^V(G) such that V{G) = {i | 1 < i < n} and V(G) = {i\l<i<n}. Let 
n > 2k+£, and let S be an arbitrary kTRDS of GG. Since each vertex i has degree i+1 < 2/c — 1, then 
V{G) C S, by ObservationlHi. Lcti<^ S. Then | iV(I)ny(G)nS' |> fc-1. If | N(i)r\V{G)nS |> fc, 
then we have nothing to prove. Thus let N{i) n V{G) Ci S — {j i \ 1 < i < k — 1} . But this follows 
that there exists at least one vertex t € S ~ {ji \ 1 < i < fc — 1} such that its corresponding vertex t 
in G is adjacent to some vertex ji, when l<i<fc— 1. So|S'|>n + fc, and since S was arbitrary, 
then YxkA'^G) >n + k. 

Obviously, it can be seen that 7^^, i{GG) = n + fc if and only if n > £ + 2fc and V{G) contains a 
fc-subset T such that for each vertex i £ V{G), \ N{i) n T |> fc - 1 and also if i e V{G) ~ T, then 
\N{i)n{V(G)-T)\>k. □ 

Observation [TJi follows the next result. 

Corollary 24. Let fc and £ be integers such that l<k~l<i<2k — 2. If G is a (.-regular graph 
of order n < £ + 2k ~ 1, then 

Y^,iGG) = 2n. 

Corollary 25. Let n > 4. Then 

2n if n ~ 4, 5, 



' ' n + 2 if n > Q. 

The next theorem state lower and upper bounds for 7^^. ^(GG), when G is an arbitrary graph. 

Theorem 26. If G is a graph of order n with k < 77iin{S{G),S{G)}, then 

llik-i)AG)+lUk-i)AG) < Y^kAGG) < Y^kAG)+A>ckAG). 
where k > 2 in the lower bound and fc > 1 in the upper bound. 

Proof For proving Yy,(^k^i)AG) + lx(k-i).t(G) < Y^kA^'^'l' let fc > 1 and let D be a kTRDS of 
GG. Since every vertex of V{G) (resp. V{G)) is adjacent to only one vertex of V{G) (resp. V{G)), 
then we have a nontrivial partition D = D' IJ D" such that D' is a (fc — 1)TRDS of G and D" is a 
(fc - 1)TRDS of G. Then 

Y(k-i)AG)+lAk-i)AG) <\D'\ + \ D" 1 = 1 D \^Y.kAGG). 

We now prove Y^.tiGG) < Y^kA^^ + 7xfe.t(G). let fc > L Since for every kTRDS 5 of G and 
every kTRDS S' of G, the set 5 U S" is a kTRDS of GG, then 

A.kAGG) <A.kAG) +A.kAG)- 

□ 

In continues, we will determine 7j (G„G„), 7^2 tiGnCn) and 7[(P„P„). 
Proposition 27. Let n > 4. Then dtiCnC^) > 2. 

Proof. We consider the following four cases. 

Case 1. Let 71 = (mod 4). For n = 4, we choose S = {1,1,2,2} and S' = {3,3,4,4}. If n > 4, 
then we choose 5" = {1,T, 2, 2}U{5+4i, 6+4i | < i < [n/4]-2} and 5" = {3, 3, 4, 4}U{7+4i, 8+4i j 
0<i< \n/A] - 2}. 

Case 2. Let n = 1 (mod 4). For n = 5, we choose S = {1,1,4,4} and S' = {2,2,5,5} and 
for n = 9, we choose S = {1,1,4,4,7,7} and S' = {2,2,5,5,8,8}. If n > 9, then we choose 
S = {l,T,4,4,7,7}U{10 + 4i,ll+4i \ 0<i< In/A] -4} and S' = {3, 3, 6, 6, 9, 9} U{12 + 4i, 13 + 4i 
0<i< [n/4] -4}. 



Case 3. 7i = 2 (mod 4). For n = 6, we choose S = {1,1,4,4} and S" = {2,2,5,5}. For n > 6, 
we choose S = {l,T,4,4}U{7 + 4i,8 + 4i | < i < \n/4] -3} and S' = {3, 3, 6, 6} U {9 + 4i, 10 + 4i 
< i < [n/4] - 3}. 

Case 4. n = 3 (mod 4). For n = 7, wc choose S = {1,1,4,4,6} and S' {2,2,5,5,7}. 
For n > 7, wc choose S = {l,T,4,4,r;~~T} U {7 + 4i,8 + 4i | < i < [ri,/4] - 3} and S" = 
{2,3,3,6,6}U{9 + 4i,10 + 4i I < i < rn/41 -3}. 

Since in all cases, S and 5" are two disjoint 7((C„C„)-sets, then dt{CnCn) > 2. □ 

Propositions El and [27l and Theorem [2T] imply the next result. 
Proposition 28. Let n > 4. Then 



7t(C„C„) 

Proposition 29. Let n > 4. Then 

ItiPnPn) 



2 [n/4] +2 ifn = (mod 4), 
2 [n/4] +1 ifn = 'S (mod A), 
2 [n/4] Otherwise. 



if n = ( mod 4 ), 
if n = 3 ( mod 4 ), 
Otherwise. 



lliPnPn) > ItiPnPn) 



{l,n - 2,n,n-2}U{3 + 4i,4 + 4i 
and S = {T,n - l,n} U {3 + 4^,4- 



if n = 3 (mod 4), 
otherwise. 



2 [n/4] + 2 
2 [n/4] + 1 
2 [n/4] 

Proof. Proposition [O with this fact that for every graph G, t(G) < Yxk ti^)^ follow that 

" 2 \{n - 2)/4l + 1 
2 \{n - 2)/4] + 2 

Let n = (mod 4). For n ~ 8, set = {1, 8, 3, 4, 5, 6} and for n > 8 set S — {1, n — 6, n — 5, n, n — 
3, n - 2} U {3 + 4i, 4 + 4i I < i < [n/4j - 3}. If n = 1, 2, 3 (mod 4), then respectively set S = 
-2}U{3 + 4i,4 + 4i \0<i< [n/4j -2}, S = {T,n}U{3 + 4i,4 + 4i | < i < [n/4j -1} 
'4i\0<i< [n/4j - 1}. Since in ah cases, 5 is a TRDS of Pn'K 
with cardinal "/^{PnPn), thus we have completed our proof. □ 
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